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].. ]]nt:c¢)dllC:tion

In the mo,qt qenereil cane, a multipole :i,_i an o_lect:,:':kc_a:l. v

i

n¢_twor]¢, w:i.th trove, re.]. pairs of 'i_a:cm;i.nal._i, ]:f the dim_'m:i.cn.'.; _,_; a

ne'l:.wo._=k becolae la.rge enough to lm comparable to the wavoleng'l::h, -:

and :L:[' the cir¢;u:kt_,_ used are general waveguides ratho:c than twin

(loop) circuJ.ts, a description in terms of currents and voltages
3

at the terminalpairs is no longer meaningful. In this case

especially, the use of so-called "wave matrices" is recommended,

and for networks with more than two pairs of terminals in J

particular, the use of the scattering matrix. T.t relates the

normalized waves running outward from the terminal pairs of a

network to the waves running toward the terminals from the outside
i

and does so in the planes of the terminal pai_s. For the purpose t
!

of the following article, a basic familiarity with this descriptive ':.°:

method is assumed (Re£. I). Only assumptions and notations will ....

be briefly explained.
3

Under the following conditions, the description of a

network in terms of the scattering matrix is possible and meani.ng-

ful:

Condition a: The netwczk must be linear. 4

• [ ' • ©(,.ond:. t._on b: The _m/st not D co_t_n any generators.

............ , i i i I I I I II I
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!.

:_ In terminology ali_prop._iate fo:r a ,._catte]:J.ngmarl:ix:

tile network lil11stnot have an out_]o:inti wave t_[:,nny

of the torminal pairs unlo, ss it has an. incom:i.n_-f

wave at least at oim..term:inal pa:i,:_.

Condition c_ Only the reflectivity and propagation properties of

the multipole are desc:Fibed for _cegy :_pc_'P.f_'_

"p._-edetermined" types of waves in a np_c_,7:fT:_

"predeterl, inad" _J,reuit-at the individual pa:Lz,_

of-_term.i.nals. _:'hesa '_)redetermined" C..i.:,",:uit,_ _1%¢1

wave type_ may differ from termLnal pair to tey:minal

pal;,

From this, it follows_ that the ,_cattering matrix determined

for a multipole can only reproduce_the_physical behavior_of the ....

multipole accurately if it is_ensured by some means that only the
i

"predetermiDed" wave types actually appear at the terminal pairs.

It therefore is senseless to cite an extreme example to treat the

interconnection of the coaxialrcircuit terminal ,_pair_....of....a...........

multipole with the waveguide terminal pair of another multipole

with the aid of scattering matrice_ which were presupposed to .have

a coaxial TEM-wave for the coaxial terminal pa!.r and a TEl0-wave

for the waveguide terminal pair. %t is not even possible for a

coaxial TEM wave to appear exclusively at the site of the connected

pair of terminals with .a TEzo-Wave exclusively appearing at the

other pair. Thus, for the_ connection of two te;minal pairs, the

following holds:

Condition d: The ¢on_ee_t_iOn of two. pairS of terminals is

accurately described only by scatterJ, ng matrices

that are identical with respect to the "predeterm:ined" !

i_i circuit and the "p;edc£ermined"--wave types in this

....... i, i rl
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c :i_,u:i t.

mako. _:r_ that, afi':_° thc_ int_JTc_c}nnec:tic)n,(n%ly

these "p.redet_?x_i.ned" wave types appe._._'.

Although it is possible to p]:'edetermine _everal wave type_,:]

po.r pair of ter_n:i.nals (in the seatte._.ing mat_Tix, thi,q terminal

pair then shows a_] an apparent multiple, that .'|.s,en4_e pe_,._ wave

__yp[l]) , thfgllgh only one _J,rc1_j,t t it W;i.l-ibe assumed foil_ what

follow,_ tha_ on].y onp.wav_ type is admitted per _e_-mi_a]. p;_i:c.

q?his ca_e occurs most frequently in p:ra_tJ.oe, ]in thi__ ca_-;e,

condition e) is ,' o" _ '.... •_._at.Lsfiedby the existen¢_e o_ [_uff:ta:<en't.Lylong line

elements, which lead into the i-nterior of the multipole and on

which only the "predetermined" wavetype can propagate aS 'the so-called

• "principal wave 1."

Figur_ i shows the _th terminal pair of a multipole with t-he

o_Ytgoing and incoming waves: _ I

normalized incoming wave at terminal pair _:au,

normalized outgoing wave at _erminal pair _'_u"

- The normalizations are selected so tha_

I _ p;_

is the power of the incoming wave and

1

the power of the outgoing Wave. Complex magnitudes are underlined,

matrices are }_oldface type.

The problem of determining the scattering matrix of a

general interconnection given the;_, however, is not entirely
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_;ati:;factxn?y in two respeo't:s:

3. It: d(ms not ,lupp].y a closed term fo_' the :_/:atte_7:i,ng mat:c;i,x of

the new inultipo].e.

2. ]::t_;ac:e,u,l,_ar:yhas been p._oven only by examples thu,':_i!a_.

']?he J.nte_.aonneeti_n of t_'wc_partin], mu].tipo],eF_ w:Lth in_

a.v.bit..rarynuglber of 't_eLcmJ.nalpa.%rs in treated :i.nRef, 2. '1'he

formula ;i.,qm(_re closed hilt w:ry _orap]..ix;ated. t]pec;J.al _.:a_e_;_f

mul'l-:ipc4_l.p, i_'l".e'.l?Gonneetion:_ are computod in Raf. 3. '],'hapuas}?o;;_:

7

.: _ca't:'t-e'rinq matrix of tho. new mu],tipoa, e aa;_d '1:,o p_:ove the ,_(,¢-,u_"..... ,_,v._

of the for,'mu',l.apre_ented in Ro.f.I.

2, The :fintezconn_c'g:ko=n o:[_.Mu/l.'l:'J_I)o_,l,,_s,.

, ]
The most common interconnection of given ind._,vidual"

multipoles_with a new multipgl_ consis_ of

:. shuttin.W oft" several terminal pairs of the individsal

: multipoles with specific r_flection coefficients,

___ II. in_rognnecting ._ndividual terminal pairs of the

individual multipoles, perhaps across trunk circuits.

III. constructing the terminal pair-s of the new multipole

from the remain:ng ter-minal pairs - perhaps using

.extension circuits.

Let the individual m_tipoles be given by their scattering

matrices. All conditions _ited in the _ntroduction for the

multipole (conditions a an_ b-), for 'the scat£ering matrices

(conditions c-)2, an_ _or the inter-connection (_onditions d am,d e)

:_hall. be satisfied. 4

i

Naturally, this can only l_e-a s%_gle multipole tlIat has been wired.
2

With the above-mentioned c_ns£raint of o_et wave" type per termina:[

pair.
: --4--
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Next, tl_ tot_1]=oJC th_._unw:[:cf_dindiv:i.dt_,'__i!,mu].lip_h_:; :_:__.,._m-

.fc_llow,'_•

'.l,'he tez_mj:n;].]. }?_j.:l?r_ given under ]_'.[I. _?_ a_-_:i.glAcHl numb@_d,q 1 L.c_ m ;i.n

alq_:[t;Fa:ry_-lequ_nc_...Later,, exl_nd_d ac_?ons circuits, thoy form th_

terminal. _ai,_s ¢)f the. new multil)O].O,,whi¢-:h :i._;tho:ro,for_: a 2m-}-__o],_-.

'l:heterminal pairs given under £I• te_?minal pail7 m + ].,m + 2,..•,

i.q such a s_qu_n¢_o, thai: te.rl-_lina],pair _li+ ],wi],].].;_'[-..c_?b_ c:oz_-

ne(,l:(_ with m + 2, t¢,.rm;[na],pni,_:m + 3 with m + 4, et(_.

.%_he i-.e._._minalpairs g;Lw:n ln_er ,T• ree¢_:[v¢_ 'the r¢_,mi,i:[ninq

numbe+i-.'s'+_pi'o¢_n, :[n a:P,b,Kt,:ca,l?y _equenc_e ...............................

Iu_,Lh_.,.mo..e,all te:cminal__pai_?s aa?e given .q,}_.c,_.i._+ccounting

arrow,,;fox'th_ incomingand outgoincdwave_ _{_and h_.!,Figure 2 show_

such a 2n-pole schematically,

The assocKated mat_i_ i._.....

: " _ -_'+ =s_ _" . O)

Its elements are determined by the given sca_ter_n_ matrices of the

individual multipoles.

The total '"mat_ S' is divided into four submatrices (Ref. 6)

_n,...thefollowing manner.

. II .
" -_1_, '

. I _m

.....,........... ('+) +_] -+:

I. _,__ . ' .

c.b ' _" _''_ , _"- - (_),
with the abbrevzat_ons .. [ . ,,

, . . |_b,,, li I=+'"".
+ _-.. J+ it.T.,, J

_--' -_I _-- + +- " "+ ....... I I'I IIII I I I------J_L'..... -- IIIII " I [ r
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m_lk_ the a_:_.":mga_[__ant of the countin¢.t a:l."]t'ow_ i__!__d_t_'h_o da,_:i._tn;d::i,t.)n t]i:

•Lh_: t,_,:rm:i.nal pai:c¢_ ma:ce ai.?pa:cant_, thc_ 2n-po]._. :i,,q _i.],,qo ;drown.

Ae_olTd:i.nq tn ]_':i.(f: 4, fo)7 a coupla of t:.o.:F.lllin_t], p;li_'.r_ 7__ ;_n(t

_J"(TJ:-.I,,°,,.....m) _anna_tarl by an axt.ansian ci.1?¢:uit,

wha..r.o, }7,_J :i,;_ the p:_cff_ac.-iat:i_l] r_nstanl; t_f.the.._th...ext_n-_,_:L',m ,_.i.]?r_'u:i.t.

li'_r l:.h_; total _f t;¢,.i?lilina], pa_E'_ 1' 't:t) nl) rind ]," t:O 111"_ 'than,

, , (0) !(_ .

I
I |

...... _-' ........................ O)

. _ (o) ,

__.,,,.. ,,_;,,,..l
iw:A;h

|0--% 0.. . 0

" | 0 '.0"-% .". .K_= [ ' ' " (0)_' 'O " 6e

_. O, . . . 0 o_ . ..

........................The abbrevia-tions

I I[i I,• = 6.,,,. = "_m',,

. "i, .(_)
f-_" ] " ',

I

_ __m" ," ore-

yield the; equations

-7-

........ _ _"__"_"' _'_"_"_" ' 'J"' _1":C'''":_ _ :'!___w-'l - _ ] ''!_ "
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b=

) wL:_'_-M.:Ln i_-he_,(n ,k m)_-p_;In with a ,,I._(_-._i,u.:ci_,.£X_:l::i,_,__;_>_f,.-

f.icl,i.ent,

wh_:r,'_; ,;!i'_ :i'tl the, :c_,:t_l,_¢_'l',:i,¢_n_.oe.,f:l/;La,'i,e,n't of 'l:ho, ;dlvd:_of:l!. '1:__'lh_

c:a';_; Of ..)."(:'_'-: 0, the _))ove '_:'e],_d:,:i,on :i,t; n_'G vt-t].,_kft, ',t'h:L:_ d:i.:i;:l!:L(;'_],.ky

is ,'_(>lvud :i.n 'hhe.-.-full_x_,inq man-nez':

, , ,.,_._i,..__,L3.0_,,'l;:l?a_'k:erminal pair of the 2n,-.p_,l.e:L,'_)fdku'koff 'c,'_' ""' ',-

:i!x:eo, then (_.me Ficl 2)

o,ffV _ O,

i- 8,_.nue the _utgoing wave by iu not of interest on '_:h;i,_;

terminal pa:.k_, the ;efl_tion.-free shut-off _an be expressed by d_leting

the vth row and the vth colua_ in scattering matrix h'(E_. 1), '.t'erminal

paiz v then will not appear in subsequent calculations. In thi_ way,

case J"o = 0 for Fig. 7 is excluded, and the need to consider limitations

is circumvented.

For the total of terminal pairs (m _. l) _ to n', now

with i

-B-

,i
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Equations (16) and (3.7) a::e found in Refs. i and 4.

Since the effect of extension circuits is easy to over-

look, as in Eq. (17), these will generally not to be t;_ken in_

consideration. Matri:_ K 1%hen becomes a unit matriB, and Eq. (15)

adopts the simpler form

" From this, we obtain for element SU,,9,,

where _..,.,= _,_,--__S_(S4-,_2)-*,_83. (19)

SI_ _ is the element in the _th row and the oth column of matrix SI,

_S 2 is the row matrix consisting of the _th row of $2 _....

_S 3 is the column matrix consisting of the vth column of S_3.

As shown in the appendix, Eq. (19) can be stated in the form

• "( I 1., de_ -

_..,.. = 0_3 1_4--__J
dot(s4--r4.). (_.o)

Equation (20) represents - in & somewhat changed notation - the relations

given in Ref. 1 for a single element SU,,v,, of the new scattering

matrix S". Th@ general validity of the formula presented there is

thus demonstrated_"

A comparison of Eq. (20) with Eq. (18) with respect to the

amount of the calculation needed to determine scattering matrix S"

indicates that

Eq. (20) is preferable if m < n - m,

Eq. (18) is preferable if m > n - m.

Zf matrix _4 becomes a null matrix, Eq. (18) is decidedly preferred,

since then

; -"0-
i

1969019134-TSB01



s,. =--__L+ s' K_'_ _ (_l)

A g]anc_ ;+t Eq. (10) shows that the rec:Lproca], matrix

- 0 :_:o-_m.__l 0 0 ... 0

o--g+"+*0 0 0 .

. 0 0 0 .j: ,"_,,,+a .

K_.I= C 0 _o-_m+_ 0'.. .
l

• • • +

' • •• • •

.... Z,+I 0

0 • " 0 Z.• + • • • • • • • # i¢ •

i._ easy to derive. Example 8 in Ref. 1 presents such a special

If all the terminal pairs of a multipole, except :t!or

one terminal pair (v = l), are wired with specific reflection co-

efficients, Matrix _ has the following form according to Eq. (10) :

'1 0-- .... 0
, Z2 1

_ ' , •

Za
• • • Q

.', • , .i, •. i

r.,

This matrix can also be written as .,.. r_3 •

_X_ [i. • Z.)=£-*'

The incoming reflection coefficient of the bipole resulting from

the wiring [is obtained from this and, with Eq. (19), becomes

h"','-= __t"v'8_, i8{S r-*-*---_--_,_.__--_) ,S_.(9:_)

For the case of the quadripole, this relation takes the well known i

form

LquaLxon (23) represents a correspondingly generalized exp_:ess[on

for the multipo!es+



4. E x;im}_Ie.

'.Phe£;_ati:e:l?ing matr'[x for 'l:h_..mic:rowave b:,.idqe _]hown in

F:L_. 8 i:; i:o be determined.

The b,l._id.qeconsists of two ideal magic T's with terminal

pa,i_s i; 3; 5; 7; and 2; 4; 9; ii and two general quadripoles with

't'.e,_-minalpairs 6; i0 an6_ 8; 12. Terminal pairs 5 and 6, 7 and 0, 9

and i0, ll and_12_are connected. The partial mu].tipoles haw: soo._-

uc._.,Lngmatrices (Ref. l)

71 c. _ 0 0 0 o c 0 0 .,

From this, matrix S of Eq. (i) is obtained as

1 2 3 4 [ 5 O 7 8 9 10 11 12 '

1. 0 0 0 0 ] o, 0 _ 0 0 0 0 0

'"2 0 ,0 0 0 [ '0 "0 0 0 ¢' 0 _ 0

•'3 0 0 0' 0--_ 0 _ 0 0 0 ' O 0
4 0 0 O 0 0 0 0 0 e 0 --_ 0

5 _ 0 --_ 0 0 0 0 0 0 0 0 0

6 0 0 0 0 0 _oo 0 0 0 _,o 0 0 =S_.
7 c O' _ 0 0 0 0 0 0 0 0 0

8 0 0 9 0 0 0 ,0 =5'ss0 0 0 _ • .
9 0 c 0 ¢ 0 0 0 .0 0 0 0 0

10 0 0 0 0 0 _xoo 0 0 0 _oto 0 0
II 0 c 0 _c 0 .0 0 0 0 0 , 0 O.

12 0 0 0 0 0 0 0 8_e 0 0 0 8tzt_

Matrix _l is the unit matrix, and matrix _2' with direc_ connections

and the counting arrows as drawn, has the form (Eq. 10)

_'6 7 8 0'1011 12

501000000

61.0000000

700010000

.8 0 0 1 0 0 0 0 0._.
9 00000100

_ 10 00001000

"" II 00000001

12 00000010

The formation of the reciprocal m_trix _4 -_2 )'_ i_ very simple

and yields
-12-

!

'I Ill I I I _ il



16 10 18 12

61o-i _[o 1.10 I 0 _ 1 0

(gyrator) (direct connection)

we obtain the circulator

.....li0S,,= 0 0 .
-- 1 0

o --i oj,

If, on the other hand, terminal pairs 2 and 3 are shut off reflec-

tion-free, %hen for ghe remaining quadripole,

b4 2 _(__tO_--_tas) (_*OtO+__*al*)] __4 !-

This is a microwave measuring bridge. It makes the measure_ :nt of ,

nonreciproco] quadripoles (8; ].2) through comparison with a quadripole

constructed of a variable attenuator and a variable phase shifter

(6; I0). The balance condi£ion is obtained, for exa_nple, when

t_,rminal pair i is being charged and pair 4 is shut off with a re-

'_ -13-

.,:= _',_T, :.r3,,'_'f'Z_,_JA_]_A-,_._'___'_V -- - .1. ,,7_ :_: - = -- =_ -_ _.-- -" _ •
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J_l_:c+,tion.-fl?e+ed_'t"+o+(+'to]+_ oVer

to

smms= ++:03
,+

It is worthy of note that the measurement resu]+t is not fi_l+ified

by mismatching of the quadripole (8; 12).

A. 1. Reduction of the linear: system of matrix equations.

%'he following applied:

. __i=++s_.._++ s_._,,, b..= s_3_-.,+ _34-.;(_)
: b_.,.=K_,,,.,.,b_.,.,=++_...,,;(m) :.:

. -_..= _++L,..; (12)
e.+' = _bin, _bin.= am, o., ----b., _b.. = e.. (13)

Equations (13), introduced into (8) and (12), yield

-_m= K,-_w.,b_,_,.= _K__bm; (Sa)
b_.= K,_... (tg+a)

............................Since K I never becomes a null matrix, the first expression of Eq. (4)

can be expanded with KI:
_,b. = _K+s_,+...,+ __,s.+....

Introduced into Eq. (4), Eqs. (8a) and (12+t) then result in .

(++)
.K_,_.= s_3K_-+,,.,+ s4-,,.

The second expression of Eq. (4a) can besolved for. an if matrix
dot(_4--K_)+o.

S 4 - X 2 is not singular; i.e., if

tom this, _t follows that

which proves Eq. (15).

A.2. Proof for the relation (Eq 20) presented in Ref. 1.

................... , I|
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Nljj_ ,_ ° I

mu_t be p_:oved. The reciprocal matrix

is constructed. The result ,i,s

_ _.+ (_4-__) c .-_(o).
]:t follows from this that

On the other hand, as we know, for the element A we obtain

...... i ,,si;--\'
dot I-- ""-_----;'-=---'V;-. ]

This constitutesthe proof. The identity presented is a special

case of Sylvest;er's law (Ref. 5),
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